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Abstract: In this note we explored the holographic relative entropy in the presence of
the 5d Chern-Simons term, which introduces a mixed gauge-gravity anomaly to the dual
CFT. The theory trivially satises an entanglement rst law. However, to quadratic order
in perturbations of the stress tensor T and current density J , there is a mixed contribution
to the relative entropy bi-linear in T and J , signalling a potential violation of the positivity
of the relative entropy. Miraculously, the term vanishes up to linear order in a derivative
expansion. This prompted a closer inspection on a dierent consistency check, that involves
time-delay of a graviton propagating in a charged background, scattered via a coupling
supplied by the Chern-Simons term. The analysis suggests that the time-delay can take
either sign, potentially violating causality for any nite value of the CS coupling.
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1 Introduction
It is growingly clear that many body entanglement holds important information about the
structure of eld theory, and in which one could uncover deep insights about gravity and
perhaps quantum gravity via the gauge gravity correspondence. The study of holographic
entanglement entropy alone for example, has led to many important new understanding.
One important line of study regarding the relative entropy led to insights on the connection
between the rst law of entanglement and the equations of motion of a bulk gravity the-
ory [1{3]. As one moves on to study perturbations at higher orders, it is realized that the
relative entropy detects hidden pathology of a theory [4], and recovers many constraints
on the couplings of higher derivative terms that were found in prior study using other
arguments based for example on causality [5{8].
Only relatively recently, there is a surge of interest in understanding entanglement
entropy also of anomalous systems, partly propelled by their connection to many condensed
matter systems such as the boundary states of symmetry protected topological (SPT)
phases and other topological orders [9{12]. It is thus also naturally of interest to understand
their manifestation in a dual gravity theory. The dual theories generically comprise of
Chern-Simons terms, and their contribution to the bulk entanglement entropy functional
were found in a series of works [13{16]. The physics encoded in the entanglement entropy
of anomalous systems is only systematically studied very recently [17]. And there are
also some works studying the implications of these anomalous contributions in the gravity

















massive gravity (TMG) [18] despite the appearance of new modes dual to non-unitary
operators that source the metric linearly, which usually signals a possible violation of
unitarity. As demonstrated in [19, 20], a quadratic coupling of the matter sector to gravity
was crucial towards recovering a positive denite relative entropy. In this paper, we study
in detail the 5d Chern-Simons term, which is responsible for a mixed gauge-dieomorphism
anomaly in the dual eld theory. This term carries a linear coupling of the gauge eld to
the gravity sector, and as such raises suspicion for the same reasoning alluded to above that
positivity of the relative entropy could be violated. We nd in this paper that while the rst
law of entanglement entropy is satised, as we begin probing quadratic contribution, there is
a coupled contribution of the stress tensor and the current density. Such terms are doomed
not to come with a denite sign, and that it can be shown that they do not arise from a
perfect square. This term miraculously vanishes to leading order in a derivative expansion.
Nonetheless, it remains plausible that the Chern-Simons coupling should remain only an
innitesimal parameter in order that the dual theory remains unitary. We complement our
study making use of causality. Following considerations in [21] we study propagation of
gravitons in a charged background. In the current case, there appears to be a time delay
that arises from gravitons scattering o photons instead of other gravitons, via a three
point vertex supplied by the CS term. Such a time-delay is found also to take either sign,
and could potentially violate causality for any nite value of the CS coupling.
The paper is organized as follows. In section 2 we begin with a check of the rst
law of entanglement in the presence of the CS term. Then in section 3, we explore a
set of corrections to the entanglement entropy that contains T:J . It is evident that these
terms could potentially violate the positivity of the relative entropy, despite vanishing
miraculously at precisely rst order derivative level. In section 4, we explore the possibility
of cancelling these oending contributions by adding extra terms to the entanglement
entropy functional. In section 5 we compute time delay of a propagating graviton in a
charged background, corroborating the conclusion reached from the discussion of relative
entropy. Finally we end with a conclusion. Some details of the Wald charge and the
entanglement entropy functional of the CS term is relegated to the appendix.
2 Entanglement rst law of Chern-Simons gravity with U(1) gauge eld
Given two (reduced) density matrices ; , the relative entropy is dened as
S(j) = Tr( ln ) Tr( ln): (2.1)
This quantity can be demonstrated to be greater than or equal to zero, making use of the
positivity of the eigenvalues of the density matrices, that they are properly normalized and
that the log is a convex function. Since these matrices are positive denite, one can write
 =
exp( H)
Tr exp( H) ; (2.2)
for some Hermitian operator H. The relative entropy can thus be expressed as
S(j) = hHi  S; (2.3)

















Suppose  =  + , for some innitesimal deviation . Then the positivity of
the relative entropy would require that there is no linear order dependence on  when we
expand the quantities in . This is the analogue of the rst law, or the entanglement rst
law for ;  reduced density matrices:
S = hHi: (2.4)
Quadratic corrections in 2 would then ensure that S < hHi.
To begin with, we would like to check the entanglement rst law. If the reference state
 is the reduced density matrix of a region bounded by a spherical surface in the ground








We consider the following action which consists of the usual Einstein-Maxwell action
plus ve-dimensional Chern-Simons term,
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where 2`3p = 16G5 is the ve-dimensional gravitational coupling constant and two-form
F = dA is the eld strength of the U(1) gauge eld A and g denotes the determinant of
the bulk metric.1 The entanglement entropy functional in the presence of generic Chern-
Simons terms has been obtained in [15]. We will recover below the explicit form for the
particular action (2.6). To check the rst law of entanglement for a spherical entangling
surface with respect to the ground state of the boundary CFT, it requires perturbing
the holographic entanglement entropy around the pure AdS background. It has been
demonstrated in a rather generic setting that the entanglement entropy would coincide with
the Wald charge [22] evaluated on the minimal bulk entangling surface, which coincides with
a killing horizon, at least to linear order perturbation around the pure AdS background [1{
3]. Since we are working at linear order perturbation, perturbation to the entangling surface
itself does not contribute at this order, given that the zeroth-order entangling surface is
a solution to the equations of motion following from the entanglement entropy functional.
This is also observed in [19]. The derivation of the Wald charge for the Chern-Simons






















1If one wants to match with the convention found in the literature [23, 24] one has to replace the cs in






























QagEM =  2agcdrcd Qagmaxwell = F agbAb: (2.9)
We have used a; b; c;    etc for denoting the bulk ve dimensional indices. abcde is the
Levi-Civita symbol and we set ztxyw = 1: Then integrating Q over the bifurcation surface









^ab^cd = SWald;cs + SWald;Einstein; (2.10)
where, h is the determinant of the three dimensional induced metric on the codimension 2

















where the Levi-Civita tensor ~abcde = 
abcdep g : To obtain the local expression for entropy (2.6)
from the Noether charge (2.8) we have followed the same procedure as detailed in [22]. For
a stationary bifurcation killing surface we have rab = ^ab: Further b vanishes everywhere
on the bifurcation killing surface. As explained in [22] all the potential ambiguity terms
that can enter in the entropy expression vanish on the bifurcation killing surface.2 Using
these two facts [22] we can recover the local expression for the Wald entropy (2.11) from
the Wald charge (2.8) which is valid only on the bifurcation surface.
2.1 Linearized Feerman-Graham expansion
To check the rst law, we consider a small charge density J and stress tensor T in an
excited state close to the ground state. To linear order in J and T , the correction to
the background metric is completely captured by the Feerman-Graham expansion. The









where h is the small deviation around the pure AdS background and we will set the AdS
radius LAdS = 1 throughout the paper, whereas
A = A + A: (2.13)
A is itself vanishing in the pure AdS background. First, we consider constant T and J .
In which case, h admits the following FG expansion [25, 26],
h(z; xi) = z
2h(2) (x) + z
4h(4) (x) + z
4 log(z2) t ; (2.14)


















A(; xi) = A
(0)
 (xi) + z
2A(2) (xi) + z
2 log(z2) B(xi): (2.15)
We have used Greek letters to denote the indices for the four dimensional boundary and
i; j;    etc to denote the three spatial indices. We will choose a gauge condition for A
such that Az = 0. By solving the equation of motion order by order in the perturbation




































] , which is quadratic in A, and thus dropped to the order we are


































































As reviewed briey above, the entanglement entropy is the surface integral of the conserved
Wald charge (2.8) evaluated at the bifurcation surface. By charge conservation therefore
this is equal to the surface integral of the charge in the boundary of AdS, such that together
with the bifurcation surface these two surfaces form a closed surface. Therefore the integral
at the bifurcation surface is equal to that in the boundary AdS surface. This equality is
the basis of the rst law satised by black holes [22]. To demonstrate the entanglement




Q, in fact coincides with the change of the expectation value of
the entanglement Hamiltonian itself.
Substituting the Feerman-Graham expansion into the linearized expression for QCS,
and recall that the minimal surface is a killing horizon, whose only non-zero component at























QCS = 0: (2.22)
The Chern Simons term does not contribute to the asymptotic energy at the linearized order
in perturbation. With the current form of the Feerman Graham asymptotic expansion of
the metric, it was demonstrated already in [1, 2, 18, 19] that the entanglement rst law is
in fact satised. i.e. Without the CS part, the Einstein-Maxwell part of the Wald charge
evaluated on this same metric perturbation already recovers the correct expectation value
of the entanglement Hamiltonian of the spherical surface. Therefore the rst law would
only continue to hold if the CS terms in fact makes no contribution at this order, which,




We note that QCS = 0 can be expected also from the following, namely that Rab
cd
near z = 0 and t = t0 start from O(z4): Also rab at the zeroth order starts from O( 1z2 ): It
is thus evident that QCS around z = 0 will not have any non zero contribution as z ! 0:
In [2], it was demonstrated on very general grounds that the entanglement rst law for a
spherical region in holographic duals of CFTs containing higher derivative terms is satised
when there is bulk dieomorphism invariance, even if the theory should fail to preserve
unitarity. In the current case, since the CS term considered preserve bulk dieomorphism,
it is indeed expected that the rst law should continue to hold. Nonetheless, it is reassuring
to see how it emerges here explicitly, as we set the stage and notation for explorations of
higher order terms in the next sections that exhibit some special features pertaining to the
unique nature of the Chern-Simons terms.
3 Mixed correction | Violation of positivity?
One important feature of the Chern-Simons term is a linear coupling of the gauge eld with
gravity. As emphasized in the introduction, quadratic coupling of generic matter elds with
gravity ensured positivity of the relative entropy at quadratic order of the perturbation.
This is no longer guaranteed in the Chern-Simons theory. To check that, we revisit the
correction to the entanglement entropy, now computing to order quadratic in T and J .
In particular, any appearance of T:J coupled terms would immediately signal a potential
violation of the positivity of the relative entropy. And this is going to be the focus of
the paper.
As it will become clear, any potential coupling term between J and T has any hope
of being non-vanishing if they contain spatial and temporal dependence. We will assume
that the modulation is very small, and thus admit a derivative expansion. The Feerman
















2) +    ; (3.2)

















In particular, we have3





; ~ =  2cs; ~ = 3cs; ~1 = 1
2
; ~2 =   1
24
: (3.3)
We note that in the expression above, there contains terms of the form TJ which follows
directly from the Chern-Simons coupling. The convention for the four dimensional Levi-
Civita symbol is: txyw = 1:
Recall that to linear order in T and J respectively the Chern-Simons term makes no
contribution to the entanglement entropy. Therefore the leading quadratic order correction
from the extra terms in the entanglement entropy functional comes from the linear J term
in A coupled to the linear T term in h.
In general to compute second order change in the entropy one needs to evaluate the
correction to the extremal surface. Since the Chern Simons term vanishes in the AdS
background and so does its corresponding entropy functional evaluated on the Rindler
killing horizon, one can easily check that linear correction to the extremal surface z1 does
not enter in the leading contribution coming from the Chern Simons part of the entropy
functional. With the extremal surface remaining unchanged at (mixed) quadratic order, we
can use (2.10) and (2.11) to compute the change in the entropy. The extremal surface sits
on a constant time slice. The mixed terms would only be sensitivite to the Tti component,
and so we will only keep those components. The change in the entropy coming from the
Chern Simons part is,
SEE;CS = SWald;CS (3.4)




(R2   (t  t0)2   (x  x0)2   (y   y0)2   (w   w0)2) (3.5)
and
z =   2
R
(t  t0)z; x =   2
R
(t  t0)(x  x0);
y =   2
R
(t  t0)(y   y0); w =   2
R









d3x (R2   r2)2 xi Ttj Jk ijk   8
Z





d3x (R2   r2)2 xi xl@lTtj Jk ijk

: (3.7)
We have set for simplicity x0 = y0 = w0 = 0: Also we set the convention such that 
xyw = 1:
After integrating by parts and noting that boundary terms evaluated at R = r vanish due





























d3x (R2 r2)3 Ttj @iJk ijk 
Z





This calculation can be checked against that obtained directly using the entropy func-
tional derived in [15], whose explicit component form is detailed in the appendix. We nd
complete agreement. Note that the above expression contains the combination xiTtjJk
ijk
which appears like the coupling of angular momentum with the current. The integral is
clearly vanishing for constant T and J since the integrand is odd. Therefore, we would
keep up to linear order derivative terms in T and J .
In addition to the CS term, the area functional descending from the Einstein-Maxwell
terms would also contribute quadratic terms in T and J , which would include these mixed
T:J terms. Terms that go like T 2 and J2 have already been computed in [4, 19], which is
shown to have coecients with denite signs, and thus ensuring positivity of the relative
entropy. In the following we will focus on the contribution from T:J terms.
The contribution of T:J coupled terms in the area functional could only arise from the
T:J terms appearing in the FG expansion of the metric h in (3.2), which is also the leading










































































































d3x (R2   r2)2(3
8


















We would like to understand what these mixed contributions mean. Without loss of general-
ity, we will only turn on Tty and Jw component of the stress tensor and current. Expressing
the stress tensor in Fourier modes, we substitute
Tty = 1 cos(k1x) + 1 sin(k1x) (3.13)
and
Jw = 2 cos(k2x) + 2 sin(k2x): (3.14)
These choices are made to ensure that both T and J are conserved, and that T is traceless.
Then we expand the result in small k1 and k2 and keep only up to terms linear in
momenta. Spectacularly, at this order
mixedStot = 0; (3.15)
even though the integrand is non-trivial, and begin to contribute in fact at order k3. It
is not clear to us whether this is an accident, or that such terms would be canceled out
order by order in derivatives. If ever it does not cancel however, it is evident that they
would violate unitarity, since it is also clear that they could not possibly combine with the
T 2 and J2 terms to form a perfect square. Recall from [4, 19] that those terms to leading
order in the derivative expansion do not depend on the CS coupling cs.
Note also that in this paper, we have considered a spherical entangling surface. It
is known that the entanglement Hamiltonian of half-space also admits a simple and local
form. The spherical entangling surface is in fact related to the half-space entangling surface
by a conformal transformation [27]. We note that the cancellation we observe here is by no
means obvious at the level of the integrand, and the half-space calculation, being related to
the current case by a conformal transformation, does not oer obvious new insights to the
cancellation, although it will require extra complication and care to regulate the volume
divergence of half-space that clutters computations here.
One might wonder, whether it is possible that the entropy functional determined using
the cone-method is subjected to ambiguity, and that extra terms could be added to cancel
out these contributions should they contribute at higher order, and thus ensuring explicitly
a positive denite relative entropy.

















4 Modication of entropy functional?
Now we turn our attention to the possibility of modifying the entropy functional such that
these T:J coupled terms can be canceled out explicitly.
If any such term exist, it is expected to satisfy the following criteria:
 It should not make any contribution on the killing horizon.
 The leading contribution of which is a T:J term. It should not alter the T 2 and
J2 terms.
 It is a covariant term constructed from the gauge eld, the intrinsic and extrinsic
curvatures on the entangling surface, and tangent and normal vectors thereof.
 It should carry at least 2-derivatives, as it was descended from the Chern-Simons
action which carries four derivatives.
 Since it is connected to the CS term, it carries an epsilon tensor, breaking time-
reversal.





m^ lr^jKm^kl + c2
Z

A ^ hhnnR: (4.1)
Here r^i = P ji rj , where Pij = habeai ebj where, eai denotes the tangent vector. hab =
gab   nm^a nm^b is the projector where nm^2f1;2gi denotes the two normal vectors of the bulk







The second term is actually related to Z

F ^  N (4.3)
as explained in the appendix. This term, which is already present in the entropy functional
following from the cone-method [15, 28{33] in particular is controlled by anomaly. In
the presence of the CS term in the bulk, the dual theory suers from a mixed gauge-












4Invoking supersymmetry one can relate cs to ja cc j as demonstrated in [34, 35], where a and c are

















This anomaly coecient is completely xed by the theory, and so we are not entitled
to add any extra term that changes this variation of the entanglement entropy. We have
not been able to come up with any terms that are invariant both under dieomorphism
and U(1) gauge transformation while satisfying all the requirements listed above.
Let us also note that A is proportional to z2J and  N goes like T to leading order in the
FG expansion near the AdS boundary. Therefore, surface terms obtained from integrating
by parts of the entropy functional (B.2) when evaluated at the AdS boundary vanishes.
For that matter, surface terms carrying the  tends to vanish at the boundary.
To conclude, we believe that no additional terms, including surface terms, can be added
to the entropy functional to remove the T:J contribution explicitly.
5 Time delay and causality constraint
The T:J coupling was lying dangerously close to violating unitarity for any nite value
of cs. It prompted us to explore further consistency tests. There is a separate causality
test that we would like to inspect in this section. It is well known that matter, photons
or gravitons propagating through a gravitating background acquires a time-delay. Such a
time-delay can be understood in terms of three point vertices, in which the propagating eld
is scattered o a graviton. In the presence of higher-derivative terms, the three point vertex
could be corrected such that a time-delay arising purely from the Einstein action could be
shifted into a time-advance, in which case causality from the point of view of asymptotic
observers can be violated [21]. In the presence of the CS term, something rather interesting
happens. The CS term provides a three point vertex hhA, in which a propagating graviton
can be scattered o a photon. Therefore, it would be curious to see if a time-advance can
be resulted from such couplings if we have a non-trivial charge background.
To inspect such a possibility, we obtain the linearized equation of motion for the
Einstein-Mixed Chern Simons theory around at space in transverse traceless gauge in
the presence of the background guage eld. Below we quote the two results for linearized























f;b)ergFcd   cdef (ahb)f ;g;ergFcd   cdef (aFcdrehfb)

: (5.3)
We will work in a at background, in which we choose coordinates such that the background
metric is
ds2 =  2dudv + ijdxi?dxj?: (5.4)
where i; j are the spatial indices. We will also take hab = abf(u; v; x?) where ab is the




















jr?j r^? i; (5.5)
where r^i? = x
i
?=jr?j and  is some constant. This background can be understood to be a
solution of Maxwell equations in at space with a simple charge density J ,
@Fu = @iFiu = Ju; Ju =  (d  4)(u)jr?j2 ; (5.6)
while all other components of J vanishes. This current density is conserved, satisfying
  @vJu
2




jr?j r^? j ; @iFuj = 
(u)
jr?j2 (ij   2r^? ir^? j): (5.8)
We note that when jr?j is large, i.e. large impact parameter, ruFud is dominant. We
would also take the large momentum limit, in which @u;vh @ih.
Now we replace
hab = abf(u; v; r?); (5.9)
where ab denotes the polarization tensor. Contract the equation of motion by 
ab, making







Note that guv =  1. This takes precisely the same form as the computation in which a
graviton is propagating in a shock wave background [21], leading to a time delay given by
v =




This would suggest that cs should remain perturbatively small to preserve asymptotic
causality, for the same reason put forward in [21].
6 Discussion
In this note we have looked into the relative entropy of a holographic theory in the presence
of Chern Simons terms. Perturbing around the pure AdS background by turning on the
metric and gauge uctuations sourced by a small stress tensor and current density in the
boundary theory, we nd that the entanglement entropy acquires a T:J correction that
could potentially violate the positivity of the relative entropy for any nite value of the CS
coupling. We note that such a contribution is only present at exactly d = 5. For higher
dimensional CS theories, the leading mixed contributions would appear at least quadratic
order in T , and thus manifestly subleading to T 2 contributions, leading to no constraints.

















functional without contradicting the correct transformation of the entropy controlled by
anomaly, miraculously however, at least to linear derivative order, these terms cancel out.
We complement our analysis by inspecting time delay of gravitons propagating in a
charged background. Analogously to other higher derivative theories, there is the pos-
sibility of violating asymptotic causality at any nite values of the CS coupling. This
T:J correction is also consistent with the positivity of the entropy current which also es-
tablishes a local entropy increase theorem for this Chern-Simons theory as demonstrated
in [36] upto certain order in perturbation theory. It will be an interesting future direction
to get the perturbative nature of cs from the second law and establish GSL for this theory
following [37{40]. In higher dimensions, the relative entropy would not give any useful
constraints to the couplings of Chern-Simons terms, for reasons mentioned above. It will
be interesting to try to constrain those couplings using other methods, for example using
the black hole second law.
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A Wald charge and its variation Q
We explain the computation of the Wald charge here following [41].5
Starting from the action (2.6), we shall rst perform variation of the charged La-
grangian evaluating the variations of gravitational and gauge elds, which takes the form
as








F ^ F + csTr(A ^R ^R)

(A.2)




gacderf (FcgR fbde ) 
cs
4
gbcderf (FcgR fade ) +
gab
8











the boundary term is










5We have also corrected several typos found in [41].



















So the Noether current is given by
J =   iL (A.5)
with
i(Lmaxwell + LCS) =  1
2
(iF ^ F + F ^ i  F )










de  cs vacdeAabRbcfgR fgdc

"v:
From the Noether current, a tedious but straightforward calculation deduces the con-
served charge








































































































h+ 8cs F ^  N

; (B.1)
where  N is the twist potential and  denotes the entangling surface. Now after doing an








h+ 8cs (d(A ^  N ) A ^ d N )
i
; (B.2)
where, F = dA: Now we can use the following identity known as the Voss-Ricci relation,
which is related to the derivative of the twist potential of the extrinsic curvature of the











where, Fabcd = Fm^n^ij eiaejbnm^ cnn^ d: The eld strength for the twist poetntial is dened below,
Fm^n^ij  @i m^n^Nj   @j n^m^Ni : (B.4)
Also the covariant extrinsic curvature is dened by, Kcab  Km^ijnm^ ceiaejb where Km^ij is the
extrinsic curvature dened on the codimension-2 extremal surface. We dene the induce














jFabn^m^ = 12 ^cdeai ebjFabcd where ^cd = n^m^nn^ cnm^ d is the bi-normal dened on the
entangling surface. Then if one use the relation dened in (B.3), one can easily check that
the entropy functional mentioned in (B.1) is equivalent to the entropy functional obtained
by using the formula in [28] upto a surface term as mentioned in (B.2).
Focussing on the Chern-Simons part of the action (upto an overall factor) , we express





Now we have to write the  N which the connection for the normal bundle in term of the
metric to make further computation [33],









~ abc is the bulk connection. m^; n^; r^ are indices denoting the transverse direction to the
entangling surface which is in our case z and t. Also,
nr^:nm^ = r^m^: (B.7)
m^n^ is the two dimensional Levi-Civita tensor in the transverse space, na is the normal
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